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Abstract

A numerical approach to solve Non- linear Fredholm integro- differential (NLFID) equation of
the 1st order and 2nd type has been proposed. The approach was based upon Touchard
polynomials. The non-linear Fredholm integro- differential equation was changed into a
system of non- linear algebraic equations and solved using Newton repeating approach. The
proposed approach was evaluated by displaying three numerical problems, and the
approximate numerical solutions were compared with exact solution and four methods in the
literature. MATLAB R2018b was used to perform all calculations and graphs.
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Introduction

The 2nd type of Fredholm integro- differential equations appear in a range of scientific
applications, include signal processing and neural network [1]. The standard form of the
(NLFID) equation of the 1st order and 2»d type [1, 2, 3 and 4] defined as follows:

1

B'(0) = C(@) + [ (0, @)K(B(g))dg,  we [de]
0
with the initial condition B(0) = by,

- (11)

and B'(w) is derivative of B(w), the kernels I[(w,@), and C(w) are known valued
functions, and K[B(m)) is a non- linear function of B(w) to be calculated. Researchers have

utilized or established a number of numerical methods to get numerical solutions of the
(NLFID) equation, some of which are listed below: in [5] used the direct calculation approach.
In [6] applied the Haar wavelet method. In [7] used the (ADM) and (HAM) methods. In [8] used
the additional parameters method and anew functions. In [9] applied the rationalized Haar
wavelet method. Finally [10] used the (RHFs) method.The following is the order of the paper:
Touchard polynomials, Touchard's operational matrix, solution of the (NLFID) equation, test
examples with graphs, summary of conclusions and recommendations, and references are all

included at the end.

2. Touchard Polynomials (TPs)
Jacques Touchard [11, 12], French mathematician was the first one to discover the

(TPs), which are binomial polynomial sequences defined on [0, 1] as follows:

a

Yy (w) = Z oo V)’ = Z (ﬁ) w”, (E) __@ - (2.1)

T Uo—u)’
= v! (g — v)!

where g and u are the degree and index respectively. The first four polynomials are

defined as follows:
% (‘-")) = 17
U (w)=1+w,
Py (w) =1+ 2w + w?,

w) =1+ 3w+3w? + w3
3
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2.1. Touchard’s Operational Matrix

Assume that the linear combination of Touchard polynomials defines the approximate
solutions to Eq. (1.1)

B (®) = XoWo (®) + Xy Wi () + + + XgWp(®) = D X (®), ... (2:2)

u=0

the functions {,, (m)}izﬂ are Touchard’s basis of gth degree, as defined in Eq. (2.1),

where y, (V= 0,1,...,0) indicates the parameters that can be calculated later

. As a dot
product, written Eq. (2.2).
Xo
X1
By() = [Wo(w) W(w) ()] | .| - (23)
Xo
Eq. (2.3) can be rewritten as:
Ogo  Op1  Opz - Opg 7 [Xo
0 011 02 O1g "{_1
B(w)=[1 w w?..w?].[0 0 032 035 || .1, . (2.4)
0 0 O. . -Uc_.,g Xo

where o,, (v=20,1,...,0) denotes the known parameters used to compute Touchard
parameters. In this case, the matrix is square and non- singular. Where o, (v=0, 1, 2, ...,
o) are the known parameters that are utilized to calculate Touchard parameters. The first

derivative of Eq. (2.1) is:

a a

d Q Q 0!
H(w)=— ,Um":Z vt T ) =———, .25
V(@) === (V) ) ) =viesoi - ~@9

u=0 u=0
Also, Eq. (2.4) has the following derivative

Opo  Op1  Opz - Opgp 7 [Xo

0 Ull 012 we Ulg -X.l
Bé = [0 1 Zm...ng_l]. 0 0 029 5 PO I I [:26)

0 0 0 e Ogp Xo
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3. Solution the (NLFID) equation

Since Eq. (1.1) has the form

1

B'(0) = C(@) + [ (0, @)K(B(g))dg,  we [de]

- (3.1)
0
assume the following using Egs. (2.4) and (2.6):
UOO 001 002 . UDE XO
0 011 O 01 | | %2
Bw) 2 By(w)=[1 0 w*..w.f0 O Oz 0z || .|, - (32)
0 0 0 Ogo Xo
and
Ogo  Op1  Opz - Opg 7 [Xo
0 014 G120 Oy X1
B (w)=B,=[012w..qw**]| 0 0 Oz 03 || .|, (3.3)
0 0 0 Ogo 0
Egs. (3.2) and (3.3) are now substituted into Eq. (3.1), yielding
Opgg  Opi 0p2 Ogg Xo
0 011 O1z 01 | | %1
[012w..0w2 %] 0 0 022 O34 =C(w) +
0 0 0 Ogo 1 X
Opg  Op1  Opz - Opg 7 [Xo
1 O 011 Ulz e Ulg xl
= J-I(m,cp) [1 @ @®.. 2.0 0 Oz =0 [.|.|do..(3.4)
o : : i : _
0 0 0 Ogo Xo

Now, the integral [13 and 14] can be calculated by putting w =w,,(v = 10,1, ..,0) in Eq.

-d
(3.4), where w, = d + vh, and the spacing h = Eg , a non- linear system of algebraic equations

is produced as a result. The Newton repeating approach can be used to solve this system. The
parameters (Xo,){ 1seees XQ} are found, and then the approximate answer of Eq. (1.1) was

determined by substituting into Eq. (2.2).
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4. Method Convergence
The solution accuracy [15 and 16] of the (NLFID) equation of the 2nd type can be obtained
it’s as follows: The truncated (TPs) series must be basically satisfied Eq. (1.1), then, for every

w=uw, €[de], v=0,12,..,0, the error functions:

r

Q 1 Q
e (0,) = [ D tbu(00) | = C0) = [ 100,.0) D 00,(@)de | = 0, then,
v=0 P t=0

the Err (w,,) <€, for every w, in [d, €] and € > 0. The degree g is increased until the

Err (w,) becomes small enough. The following equation can be used to determine the error

function

! 1

Err (w) = qu%(m) —C(w) — J-I(w,tp) qu%(tp) de ,

0
Err, (w) — 0 whenever g is right. The error diminishes and the Err (w) <€.

5. Numerical Examples
Three examples were discussed in this part to demonstrate the efficacy of the proposed

strategy in this study.

Examplel. Solve the (NLFID) equation, given in [4 and 17]
1

1
B’(m)=1—gm +J-mcp(B(cp))2d(p, 0=gp=<1
0

where B(0) = 0,and B(w) = w is an exact solution

By applying the suggested method for the degree p= 1, and then solving the non-linear
systems via Newton repeating approach and MATLAB R2018b, The result was to get

parameters of this degree, which lead to an exact solution as follows:

Bi(w)= (1) Yp(w) + (D) P1(w)= w

The comparison reveals that the offered method produced the same analytic solution of
this example. Using the approach of the integral mean value, [4], also obtained the same exact
solution. But, [17] didn’t get the exact solution for n=2, 3, 4 and 5, via Bernstein polynomial
method. As a result, our technique was more exact than [17] and similar to [4] with similar

precision. Figurel demonstrates the comparison to the exact solution for = 1.
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Exact Solution
- Approximate Solution, p=1
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Figurel. Comparison for p=1 of example 1

Example2. Solve the (NLFID) equation, given in [10, 17]
1
5 1
Bl(m)=g—§m2 +J-(m2—tp) (B(@))?do, 0<p<1
0

where B(0) = 0,and B(w) = w is an exact solution
By applying the proposed method for the degree p= 1, and then solving the non- linear
systems via Newton repeating approach and MATLAB R2018b, The result is to get parameters

of this degree, which lead to an exact solution as follows:

Bi(w)=(—1) Yp(w) + (1) ¥1(w) = w

The comparison clears that the proposed method produced the same exact solution.
The reference [17], used Bernstein approach, also obtained the same exact solution for n=2.
But, [10] didn’t get the exact solution for k=16, and 32, via the rationalized Haar function
method. As a result, our technique was more exact than [10, 17]. Figure2 demonstrates the

comparison to the exact solution for g=1.

Exact Solution
- Approximate Solution, g=1

Solution-Axis
o
A

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
)%Axis

Figure2. Comparison for g=1 of example 2
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Example3. Solve the (NLFID) equation, given in [18, 19]
1

1
B'(w) = 1—50:,3 +J- w? (B(@))? do, 0<p<1
4]

where B(0) = 0,and B(w) = w is an exact solution.

By applying the suggested method for the degree o= 1, 2, and 3, and then solving the
non- linear systems via Newton repeating approach and MATLAB R2018b, The result is to get

parameters of each degree, which lead to an exact solution as follows:

Bi(w)= (1) Yp(w) + (D) P1(w)= w

By(w) = (=1) Wplw) + (1) ¥, (@) + (03 (0) = w

Bs(w) = (=1) Yplw) + (1) Yy (w) + (0)Y; () + (03 (w) = w

The reference [18] found the maximum errors for n=5, 9, 33 and 129 were2.02 + 10~*,
502+107°,297+10"% and 1511077 respectively for linear case, andl.34 = 1074,
1.71+107°,2.64 » 1077 and 3.87 * 1077 respectively for quadratic case. Also [19] get exact

solution. Our approach was more effective than the previous one. For g=1, 2 and 3, Figure3

shows the comparison with the exact solution for p= 1, 2 and 3.

12 o o Exact Sclution T 12
& Approximate Sokution,g=2

] Exact Salution
®  Approximate Solution g=3

Exact Sokution

®  Appraximats Solution g=1
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Figure3.a. Comparison for p=1 Figure3.b. Comparison for p=2 Figure3.c. Comparison

for p=3

6. Conclusions and Recommendations

Analytically solving for the (NLFID) equations was frequently difficult. In many
applications, the exact solutions are necessary, so, the proposed approach achieved what was
in the ambitious in getting the exact solutions of the three examples to be solved. This
approach may be extended to high-order non- linear integro- differential equations, as well as

systems of the (NLFID) equations, with some adjustments.

www.minarjournal.com
138


http://www.minarjournal.com/

Volume 6, Issue 1, March 2024

7. References
[1]. Abdul-Majid, W. A. Z. W. A. Z. (2011). Linear and Nonlinear Integral Equations: Methods
and Applications. pp.518
[2]. Ordokhani, Y., & Far, S. D. (2011). Application of the Bernstein polynomials for solving
the nonlinear Fredholm integro-differential equations. Journal of Applied Mathematics and
Bioinformatics, 1(2), 13.
[3]. Pashazadeh Atabakan, Z., Kazemi Nasab, A., Kilicman, A., & Eshkuvatov, Z. K. (2013).
Numerical solution of nonlinear Fredholm integro-differential equations using spectral
homotopy analysis method. Mathematical Problems in Engineering, 2013.
[4]. Avazzadeh, Z., Heydari, M., & Loghmani, G. B. (2011). Numerical solution of Fredholm
integral equations of the second kind by using integral mean value theorem. Applied
Mathematical Modelling, 35(5), 2374-2383.
[S]. Ibrahim, A. A. E., Zaghrout, A. A. S., Raslan, K. R., & Ali, K. K. (2020). On the analytical
and numerical study for nonlinear fredholm integro-differential equations. Appl. Math. Inf.
Sci, 14(5), 1-9.
[6]. Swaidan, W., & Ali, H. S. (2021, February). A Computational Method for Nonlinear
Fredholm Integro-Differential Equations Using Haar Wavelet Collocation Points. In Journal of
Physics: Conference Series (Vol. 1804, No. 1, p. 012032). IOP Publishing.
[7]. Al-Bugami, A. M. (2021). Nonlinear Fredholm integro-differential equation in two-
dimensional and its numerical solutions. AIMS Mathematics, 6(10), 10383-10394.
[8]. Dzhumabaev, D. S., & Mynbayeva, S. T. (2019). New general solution to a nonlinear
Fredholm integro-differential equation. Eurasian Mathematical Journal, 10(4), 24-33.
[9]. Erfanian, M., & Zeidabadi, H. (2019). Solving of nonlinear Fredholm integro-differential
equation in a complex plane with rationalized Haar wavelet bases. Asian-European Journal of
Mathematics, 12(04), 1950055.
[10]. Mirzaee, F. (2011). The RHFs for solution of nonlinear Fredholm integro-differential
equations. Applied Mathematical Sciences, 5(69-72), 3453-3464.
[11]. A. Nazir, M. Usman, S.Tauseef Mohyud-din (2014).Touchard Polynomials Method for
Integral Equations. Int. J. Modern Theo. Physics, 3(1), 74- 89.
[12]. Abdullah, J. T. (2020). Approximate Numerical Solutions for Linear Volterra Integral
Equations Using Touchard Polynomials. Baghdad Science Journal, 17(4),1241-1249
[13]. Mustafa, M. M., & AL-Zubaidy, K. A. (2011). Use of Bernstein Polynomial in Numerical
Solution of Nonlinear Fred Holm Integral Equation. Eng. and Tech. Journal, 29(1), 110-115
[14]. Zarnan, J. A. (2019). Numerical Solutions of Nonlinear Fredholm Integral Equations of
the Second Kind. Journal of Applied Computer Science & Mathematics, 13(27), 39-41
[15]. Kurt, A., Yalcinbas, S., & Sezer, M. (2013). Fibonacci collocation method for solving high-
order linear Fredholm integro-differential-difference equations. International Journal of
Mathematics and Mathematical Sciences, 18(3),

448-458

www.minarjournal.com
139


http://www.ijherjournal.com/

MINAR International Journal of Applied Sciences and Technology

[16]. Bicer, G. G., Ozturk, Y., & Gulsu, M. (2018). Numerical approach for solving linear
Fredholm integro-differential equation with piecewise intervals by Bernoulli
polynomials. International Journal of Computer Mathematics, 95(10), 2100-2111.

[17] Basirat, B., & Shahdadi, M. A. (2013). Numerical solution of nonlinear integro-differential
equations with initial conditions by Bernstein operational matrix of derivative, International
Journal of Modern Nonlinear Theory and Application,2(2),141-149

[18]. Dehghan, M., & Salehi, R. (2012). The numerical solution of the non-linear integro-
differential equations based on the meshless method. Journal of Computational and Applied
Mathematics, 236(9), 2367-2377. Available from:

[19]. Abdullah J. T. (2021) Numerical solution for linear Fredholm integro-differential equation
using Touchard polynomials. Baghdad Science Journal, 18(2) :330-337

www.minarjournal.com
140


http://www.minarjournal.com/

