MINAR International Journal of Applied Sciences and Technology
ISSN: 2717-8234
Article type: Research Article

Received: 25/06/2022 Accepted:13/07/2022 Published: 01/09/2022

SOME NEW SEMI-NORMED DIFFERENCE ENTIRE SEQUENCE SPACES OF FUZZY REAL
NUMBERS DEFINED BY A DOUBLE ORLICZ FUNCTIONS

Leena ABED MUSLIM KADHIM!
Directorate of Education, Iraq

Wissam JALIL KARIM’
Directorate of Education, Iraq
Zainab ABDUL-ZAHRA NAJM3

Directorate of Education, Iraq

Abstract:

The purpose ofthis paperis to introduce semi-normed bounded, convergent and null double
sequences of fuzzy real numbers defined by using a double Orlicz functions and study some
properties of these sequence spaceslike convergence-free, solidness , symmetric. We have
proved some inclusion results too.
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1. Introduction:

The conceptof fuzzy set theory was introduced by Zadeh [1]. Based on this, sequences
of fuzzy numbers have been introduced and investigated by many authors , they studied
important pro - perties. The works on double sequence of real numbers in Bromwich , was
found [2]. Moreover the double sequence was exacted by Moricz [3], Basarir and
Sonalncan [4], Tripathly and Sarma [5] and many others.

The notion of difference sequence space of complex numbers was introduced by
Kizmaz [6].

On this idea different type of difference sequence spaces was introduced and studied
their properties by Tripathy and Baruah [7],Tripathy and Borgohain [8,9],Tripathy and
Mahanta [10].

Battor , Neamah [13] defined the double sequence by a double orlicz function
M(X,Y)=(M,(X),M,(Y)) and introduced vector valued double sequence spaces over semi-
normed space

2. Definitions and Preliminaries

Tripathy and Borgohain [8] defined the space C(R™) and the Hausdorff distance on the
usual Euclidean R", we defined they on R?"(the real Euclidean 2n-space of dimension 2n) as
follows:

Let C(R?™) = {A c R*": A is compact and convex }, then this space has linear structure
induced by the following operations:

A+B={(x,y)+(@zw): (x,y)€EA,(zw)€eB} and AMA={A(x,y):(x,y)eA} for A,B
€ C(R*™) and A € R.Define the Hausdorff distance between A and B of C(R?") as follows:
d(A,B) = max{sup(,yyeainfizmesll (6. ¥) — @ WI, supuesinfi yeall 6 ) = W)},
where ||.|| denotes to the usual Euclidean norm in R?". It is well known that (C(R?"),d)
a complete metric space.
Now, fuzzy real number X on R?" is a function X : R?" —» [ = [0,1] associating for all real
number t € R?", with its grade to membership X(t).The class of all fuzzy real numbers is

denoted by R?*(I). For 0 < a < 1, a-level set X* = {t € R?™:X(t) = a} is a nonempty compact
convex, subsets of R?", as the support X° = lim,_+ X% A linear structure of C(R?") induces

the addition X +Y and scalar multiplication 1X, A € R in terms of a-level sets, by [X + Y]% =
[X]® + [Y]* and [A1X]* = A[X]%, for 0 < a <1, such that

0, fori=0

AX(e) = (171t), otherwise.

Define a map d:R*™(I)xR*™(I)—>R for X,Y,F,H€R™(I) such that
d((X,Y), (F,H)) = supycae; X% YD),  d(F,HY))

, where d is the Hausdorff metric. (RZ”(I),J) is a complete, locally compact and

separable metric space. The additive and multiplicative identities of R?*(I) are denoted by 8
and e, respectively, such that 6 = ((0,0),(0,0), ...,(0,0)) and e = ((1,1),(1,1), ...,(1,1)).The Zero
double sequence of fuzzy real numbers is denoted by 9 = {(8,0),(8,0), ...,(6,6), ... }.

Throughout the article 2E represent a semi-normed space by a semi norm q [15].
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Definition 2.1. A double sequence (X,Y) = (X,,,Y,,) on fuzzy real numbers is said to be
converge to the fuzzy numbers X,,,Y,,, if for everye > 0, there exists r, s, € N such that
d(X,s,Xo0) <& ,d(Ys,Yoo) <eforall r>1,, s >s,, and consequently d((X,sXoo), (Y5, Yo0)) < €,
forall r=r,,s>s,.

Definition 2.2. A doublesequence (X,Y) = (X,,,Y,,) on fuzzy real numbers is said to be
a double Cauchy sequence, if for every €>0 there exists n, € N such that d(XU, rs) <
&d(Y; i Y, ) <e toall i>7r>n,,j =5 =n, and consequently d((XU Xrs), (Y, i rs)) <eg, toall
i=2r=zny,j=s=n,.

Definition 2.3. A double sequence space 2FE is said to be solid if (F.,H,,) € 2E, whenever
X, Yys) € 2E and |(F, Hpo)| < | (X, Yog)l, to all 7, s €N,

Definition 2.4. A double sequence space 2F is said to be symmetric if S(X,s,Y,s) € 2E
whenever (X,,,Y,) € ZE where S(X,,,Y,s) means the set of all permutations of the elements of

X5, Yyg) itis ,S(Xp Vi) = {(X. () m(s) Ya(r) n(s)) 7 is permutation on N }.

Definition 2.5. The double sequence space 2F is said to be convergence-free if (F.i,H.s) €
2E whenever (X,Y,)€2E and (X,Y.) =(6,0) implies that

(F‘rsi Hrs) = (9_1 9_)
Definition 2.6. A double sequence space 2F is said to be monotone. if 2E contains the
canonical preimages of all its step spaces.

Lemma 2.7 The class of double sequences 2E is solid implies that 2E is monotone.

Lindenstrauss and Tzafrir [14] used the idea of Orlicz function and the sequence
space L, of single sequences, later Battor and Neamah [12] aplied that idea to construct
this double sequence space:

2LM={(XW Ys) € 20: ZZ <M1<|)ZS|>>V<M2<|25|>>

r=1s=

< oo, for some p > 0},

which is Banach space under the norm:

106 ol =0t fo> 0 21z, 52 (30, (20 v (b, (229) | <1,

which is said a double Orlicz of a double sequence space where 2w is a family of all
R? or C? double sequence, so (X,;) and (Y,,) are complex or real double sequence and
epilogue that the double Orlicz of a double sequence space 2L, be neatly related to the
space 2L,, which is a double Orlicz double sequence space with M (X,Y)=(M,(X), M,(Y)) =
(x?,Y?P), for(1,1) < (p,p) < (0,) such that M;(X) = XP,for1<p <ow,and M,(Y)=YP,for1<
p < oo,

Tripathy et al. [12] generalized difference sequence spaces, later Leena, Ali and
Maysoon [16] used that concept to generalized motif the difference double sequence space
Z(AM) tom=1,n=1,

In this paper we introduce the following a semi-normed difference double sequence
spaces of fuzzy real numbers, for a double Orlicz function:

(2¢,)"(M, A7) =
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p p

X s s) € Qw)F: SUDr,s M, (q <M>> \/ M, <d(Am 7.5 )> < oo, for some p

>0,

(20)" (M, A7) =

E(Azlnxrs']-‘l ) E(A;ln YrvaZ) —
(XrS,YrS)E(Zw)F:limrls_m,[(Ml(q( P )>>V<M2<q( p )))l‘o' ,

for some p > 0, L;,L, € R?™(])
and

(2c)f (M, A1) =

(X5, Ys) € (Za))F:nlSiLnoo M, (q (WTTS'))) \/ M, (q (%)) = 0,for some p > 0

3. Main Results

Theorem 3.1 Suppose a semi-normed space (X?,q) which is complete, the classes of double
sequences (22,)F(M,A%), (2¢)F(M,A%), (2¢,)F(M,AT,) are complete semi-normed spaces by

gu(X V), (F,H)) = Z:llzl‘z((xkl' Yie), (Fia, Hi)) +
< 1},

d An rs'A%Yrs d Am rstAn Hy,
o o (5

for M(x,Y),(F,H)) = (M, (X,Y),M,(F,H)), and (X,Y),(F,H) €(2¢,)F(M,A%),
(2c)F(M,A}), (2¢o)F (M, A7).

inf{p > 0:sup,

Proof. We prove the result for (2¢,,)F(M,A").The proof for the other cases is similarly.
Clearly (2¢,,)F(M,Am) is a semi-normed space of g . Next we prove it is a complete semi-
normed space .

Let ( X, YY) be a double Cauchy sequence in (2¢,,)F(M,A%), such that (X%),(Y") be a
Cauchy sequence in (2¢,)F(M,,A%), (2¢,,)F(M,,A%), respectively, so (X!) = ( q) (Y") =

(Yniq)n . Let e > 0 be given, for a fixedn > 0, select t > 0 for example M (“7) >1, Mz( ) >1,
that is, M(Z42 ( 1(2—")M2(‘2—")) > (1,1). Thus it exists a positive integer ny(¢) such
I, XLX7) < 5 and g, (Y5Y7) <£ ,Vi,j =n, , and consequently, gy ((Xi,Xf), (Y§, Yf)) <

£,V ij =n,.Then By definition of g, we obtain that, Y7 Y1 _((X,il,X,{l), (v, ijl)) +

tn
n yJ {
1nf{p > 0: SupTS IMl (q (w)) V 1\42 (q (d(Aer; mYr S)))

V i,j = n,y, which implies Y7 ymn _((X,il,X,gl),(Ykil, Yk’l)) <& Vij=n,.

31}35, ~(3-1

Hence, &((X,il,X,{l),(Y,fl, ijz)) <& Vij=n, kl=123,..,mn.Thus (X}, Y), for

k,1 =1.23,..,mn is double Cauchy sequence in R?>*(I), hence it is convergent in R?"(I)
by the completeness monarchy of R?"(I).
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Let llml_)oo(X,Iél, Ykll) = (Xkl’ Ykl)’ to k,l = 1,2,3, e, mn. ...(3 - 2)

S(AT i ATy F(A yi A v
o (L (Q))] <1 vigEn, .G-3)

d (AX}s An X1) d(ALY, A% Y t t
M — M _ <D <(m () M, (20 ) Vii> ..
= 1 q( ng(Xl‘X]) y Mol q gMz(Yl'Y]) —( ’ )_< 1(2), 2(2) , V1] 2Ny

Also, sup,

By continuity of M so M, M, , we have
d(An Xk, Ap X)) < 2. gy, (XL X7) and  d(ARYL,ARYE) <2.gy, (YLYT), Vij = n,,

&

= d(AnXi, M X ) <D . L= d(ARYLAnYE) <P .E=-, Vij=n, so  we get
d ((a,xi A XL, (AR Y, ARYL)) <28 =2 Vij > ng,which implies (Af,X\,A%YL) is double

Cauchy sequence of R?>"(I), sois convergentin R?*(I) by a completeness property of R?*(I).

we have to prove that, lim(X,,Y!) = (X,Y), (X,Y) € (2¢,,)F(M,AR).
L

Let lim,(A% X%, ANYY) = (F,(, H,) (say),in R*™(I), for all r,s € N.
To r,s =1, we have, from (1 —1), (3 —2),
limi—»oo(Xrinn+1,mn+1' Yrim+1,mn+1) = (an+1,mn+1'Ymn+1,mn+1)’ fOI‘ mz 1 1 = 1 .

Continuance in this way , lim (X%, YY) = (X, Y,s) ,forallr,s € N.
i—>oo

Also, lim;(A% X}, AnYL) = (A% X, ,A%Y,), foreachr,s €N .

Thus, for using the continuity of M, then M,;,M, and takeover j — oo, let i fixed, that
have following from (3 — 3):

d(Am X, A% X, ) d(ALYE, AMY,)
sup, ¢ |M1(q (%))VMZ <q (M))

) <1, forsomep>0.

Now, if we take a infimum of such p’s and using (3 — 1), we get
inf{p >0: sup, [Ml (q (w» VM, (q (w))] < 1} <e,Vi=zn, Thus on
going to limit as j —» o and using (3 — 1) again ,we get
Ly d ((Xlil' Xy0), (Y Ykl)) +

inf{p > 0: sup,. ¢ [Ml (q (%)) VM, (q (%))] < 1} <ege+e=2¢ Vi=zn,,

which implies that g ((Xi,X), Yy, Y)) < 2¢, Vi=n, Thatis, lim;(X,Y)) = (X, 7).
Now, we show that (X,Y) € (2¢,,)(M,A?), we have,
4 (A5 Xs 0), (A%, 0) ) < d (XL AL, (ALY AR YD) ) + d (41X, 6), (AL, 6))

By continuity of M so M,;,M,, also it's non-decreasing , then we get

d(A%X,,0 d(AnY,., 0
Sup‘r,s IMl <q <%>> Vv M2 (q <¥>)‘|
I ( <J(AM£S.A%XW )) ( <&(AanJS.A%YTS)>>l
< sup_ (M |q|—E T80 |vM,| g —2 2 |+
s p p
d(anxi,o d(anyi,o

which implies that (X,Y) € (2¢,)F(M,A"). Hence (2¢.,)F(M,A") is complete semi-
normed space .

sup,,
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Result 1. The classes of a double sequences (2¢,,)F(M,A%), (2¢)F (M, A%),
(2¢y)F(M,A) are not symmetric.
Proof. The effect follows from following example.
Example3.2 Letm=2,n=1and M(X,Y) = (M;(X),M,()) = (X2,Y?),
V (X,Y) € [0,00) X [0, ).
Considerthe double sequence (X,,Y,;) define by
X V.)() = {(1,1), forr,s € N,t = (rs,rs, ...),

(0,0), otherwise.
1,1), forr,seN,t=(-2,-2,...),
Then, (A X5, 82 Y5)(8) = {((0 0)) (otherwis)e.

Then, d((4,X,s,0),(4,Y,,0)) =(1,1), forall r,s€ N, which shows (X,Y) €
(2c)F(M,A,) € (2¢,)F(M,A,).Now, let (F,,H,,) be a rearrangement of (X,,Y,,) defined as
(FrsHys) = ((X11,Y11), (X2, Y22), (Kag, VgD, (K33, Ya3), (K9, Ye0), (X5, Yes), (X6 Yig), oor )-
Then we get, &((AzFrs,ﬁ), (AzHrs,ﬁ)) ~(rs—(Gs—12%rs—(rs —1)%) =~ (r?s?,r%s?)for
all r, s eN,which
implies,sup,_ [Ml <q (@)) V M, (q (M))] = o, for each fixed p > 0. Hence,(F,, H,) &
(2¢,,)F(M,A,). So the classes of sequences(2¢,,)7(M,A%), (2¢)F(M,A,) and (2¢y)F (M, A%) are not
symmetric.
Notes. i) f m=n =0, then (2¢,,)F (M) and (2¢)F (M) are symmetric.
ii) fm< 1,n<1, then (2¢y)f (M,A") is symmetric.
Result 2. The classes of double sequences (2¢,,)F(M,A%), (2¢)F(M,A%)
,(2¢)F (M,A%) are not solid, so not monotone.
Proof. We will take this following example . M(X,Y) = (Ml(X),M2 (Y)) =
Example 3.3 Let m=2, n=3 and M(X,Y) = (|X],|Y]), forall (X,Y) € [0, ) X [0, ).
Consider the double sequence (X,,Y,,) defined as

1,1), forr,s € N, t=(rs,rs,rs,...),
s ) ={ ) ( )

(0,0), otherwise.
(1,D), forr,s e N, t =(0,0,0,...),
Then, (43X, A3%:5)(0) = {(0 0) otherwise.

= J((A%XTS,G_), (A%Yrs,é)) =(0,0), for r,s € N. Hence, we have

T(A3 ) F(A3 n
sup, [Ml <q (W)) VM, (q (%))] < oo, for some p > 0.This implies(X,,,Y,s) €
(22,,)F(M,A3). Now, let (a,,,B,s) be a double sequence of scalars defined as

1,1), forr,s=i%i €N,
@) = {10

(0,0), otherwise.
Then, forr,s=i?% we have

(@ X, B Y. ) () = { (1,1), t=(rs,rs,...),

(0,0), otherwise.
Forr,s # i?, we have

(11, t=(0,0,..),
(@ Xy, BrsYys) () = {(0,0), - (00,..),
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= Sup,. [Ml (q (@)) VM, <q (@))] = oo, for some p >0 .

Thus (@,sX,s, BrsYys) & (2¢,,)F (M, A3). Hence,(2¢,,)F (M,A%) is not solid, so not monotone
by lemma 1.Similarly,the other classes can be proven.

Proposition 3.4 These double sequences (2¢,,)7(M,A%), (2¢)F(M,A%)
,(2¢)F (M, M%) aren't convergence-free.
Proof. To show, that we have the following example.

Example 3.5 Let m=4 and n=1,M(X,Y) = (X3,Y3), to all (X,Y) € [0,00) X[0,) and
consider the double sequence X5, Y,s) defined as

1 1
Koo V() = { (1,1), forr,s €N, t = (E’E’ )
0,0), otherwise.
4 4
Then (A X, AY,)@) = {(1'1)' forr,s € N,t = (rS(rS+4)'rS(TS+4)' )
(0,0), otherwise
4 4

> d((84Xs5,0),(8,Y,5,0)) = (
c 2o)F(M,A,) € (22,)F(M,A,). Now, let (E., H,;) be a double sequence defined as
(1,1), forr,s € N,t = ((rs)?,(rs)?,...)

) , which implies (X,,Y,) € (2¢y)F(M,A,)

rs(rs+4) rs(rs+4)

() (0 = {

(0,0), otherwise.
_ (1), forr,s eN,t =(—(8rs+ 16),—(8rs + 16),...)
Furthermore, (A,F,, A H, () = {(0,0), otherwise,
= d((84F5,0), (yH,y,0)) = (Brs +168rs +16), forr,s€N,  which  implies,

sup, . [Ml <q (M)) V M, (q (@)) = oo, for some p > 0.This means, (Fo Hys) &
(22,)FM, Ay).
Hence the classes (2¢,,)F(M,A%),(2c)F(M,A%), (2¢,)F (M, A%) are not convergence-free.

Theorem 3.6 Let M = (M;,M,)and M = (M;,M,) be a double Orlicz functions satisfying A,-
condition. Then, for Z = (2¢,)F,(2¢c)F,(2¢,)F,

(D) ZM, A%) < Z(Mo M, A7),
(i) Z(M,A%) N Z(M,A%) € Z(M + M, AR).

Proof. We show this result for the space (2¢,)7(M,A"). The other spaces can be shown
similarly.

(i) Let (X, Y.) € (26,,)F(M,A™) such that X, € (20,,)F (M, A%), Y., € (20,,)F(M,,A%).

Considere > 0 and t > 0 such that e = M (7).

Then [Ml <q (—d(AZ’l‘;{”‘L)D M, <q (_d(A%;YTS'L)D] <71,
M, <q (%)),Mz (q (%))], for some p > 0.

We know M is continuous and non-decreasing , then we have,
d(A% Xys,L) d(AR YpsL)
M) = o, (25222) v, g (22)

which means (X,,Y,) € Z(Mo M,A%). Hence the proofis complete.
(i) Let (X,s,Y,s) € Z(M,A%) N Z(M,AL). Then for some p > 0 , we have,

for some p > 0.Let (F , H, ) =

<M(t)=¢,for some p>0,
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Cz(A;Lans,lq) J(A?HYI”S'LZ)
(el 552
p p
. (q <d(A?n);rs,L1)>>, ", <q <d<A?ans,L2>>>l .

From the equality the proof follows:

M 30 (q <d(Ams,L1)’d(wﬂ,m)) _ [Ml (q (d(Aaer.Ll)»’MZ (q (d(A:;ers.L»))l .
p p p p
d(A% X, L d(AnY,, L
[Mg(q< (mprs 1))>’M4<q< : p 2)>>

to some p > 0 that means (X,,,Y,,) € Z(M + M,A%). Hence the proofis complete.
Proposition 3.7 One has Z(M,AL) c Z( M,A%), for 0 < i <n where M = (M;, M,)

And Z = (2¢,,)F, (2c)F, (2¢cy)F.
Proof.

Let (X5, Y) € (2¢,,)F (M,A%1) such that X, € (20,)F (M, A% D), Y, €

(22,,)F (M, A1), Then, we have <supr’521 [M1 (q (@)) VM, (q (@))

We have, (Supr,szl [ Mq (&(A?n—lxrs—i%—lxm +m,6)) VM, q (&(Afn_ers— fn_lymmﬁ))])

(A% 'x,,0 d (A 1Y, 0
s %Supr,szl lMl <q (%))VMZ <q (%))l

<d_(A;Ln_1);r,s+m' 6)) VM, | g <d_(A%_IZr,s+m' 6)) < o,

<e, sup

<eg+e=2¢

)<en

1
+§Supr,szl Ml q

Follow up in this way, we have Z(M,AL) c Z( M,A%), for 0 < i <n.This complete the
proof.
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