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Abstract: 
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1. Introduction: 

The concept of fuzzy set theory was introduced by Zadeh [1]. Based on this, sequences 

of fuzzy numbers have been introduced and investigated by many authors , they studied 

important pro - perties. The works on double sequence of real numbers in Bromwich , was 

found [2]. Moreover the double sequence was  exacted by Moricz [3],  Basarir and  

Sonalncan [4], Tripathly  and Sarma [5] and many others. 

The notion of difference sequence space of complex numbers was  introduced  by  

Kizmaz  [6]. 

On this idea different type of difference sequence spaces was introduced and studied 

their properties by Tripathy and Baruah [7],Tripathy and Borgohain [8,9],Tripathy and  

Mahanta [10]. 

 

Battor , Neamah [13] defined the double sequence by a double orlicz function 

  (   )=(  ( )   ( )) and introduced vector valued double sequence spaces  over semi-

normed space  

 

2. Definitions and Preliminaries 

Tripathy and Borgohain [8] defined the space  (  ) and the Hausdorff distance on the 

usual Euclidean   , we defined they on     (the real Euclidean   -space of dimension   ) as 

follows: 

Let  (   )  *                                   then this space has linear structure 

induced by the following operations: 

    *(   ) (   )  (   )     (   )    +  and      * (   )  (   )    +   for        

  (   ) and     .Define the Hausdorff distance between A and B of   (   ) as follows: 

 (    )     {   (   )     (   )  ‖(   ) (   )‖     (   )     (   )  ‖(   )  (   )‖}  

where ‖ ‖ denotes to the usual Euclidean norm in       It is well known that ( (   )   )  

a complete metric space. 

Now, fuzzy real number   on      is a function   :       ,   - associating for all real 

number       , with its grade  to membership  ( ).The class of all fuzzy real numbers is 

denoted by    ( ). For        -level set    *       ( )   + is a nonempty  compact  

convex, subsets of    , as the support            
 . A linear structure of  (   ) induces 

the addition     and scalar multiplication         in terms of  -level sets, by ,   -  
, -  , -  and ,  -   , - ,  for         such that 

  ( )  {
 ̅                     

 (    )             
 

Define a map   ̅     ( )     ( )    for            ( )  such that              

 ̅((   ) (   ))          ( ( 
    )        (     )) 

, where    is the Hausdorff metric. (   ( )  ̅) is a complete, locally compact and 

separable metric space. The additive and multiplicative identities of    ( ) are denoted by  ̅ 

and  ̅, respectively, such that   ((   ) (   )   (   )) and   ((   ) (   )   (   )) The zero 

double sequence of fuzzy  real  numbers  is  denoted by  ̅  *( ̅  ̅) ( ̅  ̅)   ( ̅  ̅)  +  

Throughout the article 2E represent a semi-normed space by a semi norm q [15]. 
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Definition 2.1. A double sequence (   )  (       )  on fuzzy real numbers is said  to be 

converge to the fuzzy numbers        ,  if for every 𝜀    ,  there exists           such that 

 ̅(       )  𝜀 ,  ̅(       )  𝜀 for all               and consequently  ̅((       ) (       ))  𝜀 ,  

for all              

Definition 2.2.  A double sequence  (   )   (       )  on fuzzy  real  numbers  is  said to be  

a double Cauchy sequence,  if  for every   𝜀     there  exists         such  that  ̅(        )  

𝜀  ̅(       )  𝜀                         and consequently    ̅ .(        ) (       )/  𝜀,  to all  

                

Definition 2.3.  A double sequence space    is said to be solid  if  (       )      whenever 

(       )          |(       )|  |(       )|  to all        

Definition 2.4.  A double sequence space    is said to be           if  (       )       

whenever (       )    , where  (       ) means the set of all permutations of the elements of 

(       ) it is     (       )  {(  ( )  ( )   ( )  ( ))                        }  

Definition 2.5.  The  double sequence space      is said to be convergence-free  if (       )  

      whenever  (       )       and   (       )   ( ̅  ̅)                 

(       )  ( ̅  ̅). 

Definition 2.6.  A double sequence space    is said to be         . if    contains the 

canonical preimages of all its step spaces. 

Lemma 2.7  The class of double sequences    is                       is         . 

 

Lindenstrauss and Tzafrir [14] used the idea of Orlicz function and  the sequence 

space     of single sequences, later Battor and Neamah [12] aplied that idea to construct 

this double sequence space: 

    {(        )      ∑∑[(  (
|   |

 
)+ (  (

|   |

 
)+]

 

   

 

   

                }  

which is Banach space under the norm: 

‖(        )‖   inf ,    ∑ ∑ *(  .
|   |

 
/) ⋁(  .

|   |

 
/)+    

   
 
    -  

 

which is said a double Orlicz of a double sequence space where     is a family of all 

    or     double sequence, so (   )          (   )                                      and 

epilogue that the double Orlicz of a double sequence space     be neatly related to the 

space       which is a double Orlicz double sequence space with    (   )=(  ( )   ( ))  

(     )        (   )  (   )  (   ) such that   ( )                 and    ( )            

   . 

 

 

Tripathy et al. [12] generalized difference sequence spaces, later Leena, Ali and 

Maysoon [16] used that concept to generalized motif the difference double sequence space 

 (  
 ) ,to          

 

In this paper we introduce the following a semi-normed difference double sequence 

spaces of fuzzy real numbers, for a double Orlicz function: 

(   )
 (    

 )   
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{(       )  (  )         [.  ( (
 ̅(  

      ̅)

 
)+/⋁(  .(

 ̅(  
       ̅)

 
)/,]               

  }  

(  ) (    
 )   

{(       )  (  )           
[(  ( .

 ̅(  
       )

 
/)+⋁(  ( .

 ̅(  
       )

 
/)+]       

                      ( )

}, 

and 

(   )
 (    

 )   

2(       )  (  )     
     

0.  ( (
 ̅(  

      ̅) 

 
)+/⋁.  ( (

 ̅(  
      ̅)

 
)+/1                 3 

 

3. Main Results 

Theorem 3.1 Suppose a semi-normed space (    ) which is complete, the classes of double  

sequences (   )
 (    

 )   (  ) (    
 )   (   )

 (    
 )  are complete semi-normed spaces by 

  ((   ) (   ))  ∑  ̅((       ) (       )) 
  

     
 

   {        
   
[  ( (

 ̅(  
       

    )

 
)+   ( (

 ̅(  
       

    )

 
)+]   }  

for   ((   ) (   ))  (   (   )   (   ))         (   ) (   )  (   )
 (    

 )   

(  ) (    
 ) (   )

 (    
 )  

 

Proof. We prove the result for (   )
 (    

 )  The proof for the other cases is similarly. 

        (   )
 (    

 ) is a semi-normed space of   . Next we prove  it is a complete semi-

normed space . 

Let (       ) be a double Cauchy sequence in (   )
 (    

 )  such that (  ) (  ) be a 

Cauchy sequence  in  (   )
 (     

 ), (   )
 (     

 ), respectively, so (  )  (   
 )

     

 
, (  )  

(   
 )

     

 
. Let 𝜀    be given, for a fixed    , select     for example   (

  

 
)         .

  

 
/   , 

that is,   (  
 
   
 
)  .  (

  

 
)   (

  

 
)/  (   )  Thus it exists a positive integer    (𝜀)  such   

   
(     )  

 𝜀

  
           

(     )  
 𝜀

  
            , and consequently,   .(     ) (     )/  

 𝜀

  
                  . Then By definition of  , we obtain that,  ∑ ∑  ̅ .(   

     
 ) (   

     
 )/  

   
  
     

   {       
   
[  ( (

 ̅.  
    

    
    

 
/

 
)+⋁   ( (

 ̅.  
    

    
    

 
/

 
)+]   }  𝜀     (   ) 

        , which implies  ∑ ∑  ̅ .(   
     

 ) (   
     

 )/  
   

  
     𝜀             

Hence,   ̅ .(   
     

 ) (   
     

 )/   𝜀                                 Thus (   
     

 )     

                is  double Cauchy sequence in    ( )  hence it is convergent       ( ) 

by the completeness monarchy of    ( ). 
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Let        (   
     

 )  (       )                                               …(   ) 

Also,     
   
[  ( (

 ̅.  
    

    
    

 
/

 
))⋁   ( (

 ̅.  
    

    
    

 
/

 
)+]                      (   ) 

 0  . (
 ̅(  

    
    

    
 )

   
(     )

)/   . (
 ̅(  

    
    

    
 )

   
(     )

)/1  (   )  (  .
  

 
/   .

  

 
/*          

By continuity of   so        , we have  

 ̅(  
    

    
    

 )    

 
     

(     )   and    ̅(  
    

    
    

 )    

 
     

(     )            

  ̅(  
    

    
    

 )    

 
   
  
  

𝜀

 
         ̅(  

    
    

    
 )    

   
 

  
  

𝜀

 
              , so we get     

 ̅ .(  
    

    
    

 ) (  
    

    
    

 )/    

 
   
  
  

𝜀

 
 ,         ,which implies (  

    
    

    
 ) is  double 

Cauchy sequence of     ( ) , so is convergent in    ( )  by a completeness property of    ( ). 

we have to prove that,    
 
(     )  (   ),    (   )  (   )

 (    
 )  

Let      (  
    

    
    

 )  (       ) (   )      
  ( )                   

To  r, s =1, we have, from (   ), (   ), 

      (          
            

 )  (                     )                         . 

Continuance in this way ,    
   

(   
     

 )  (       )                  

Also,       (  
    

    
    

 )  (  
       

    )                       

Thus, for  using the continuity of M, then        and takeover    , let    fixed, that 

have following from (   ): 

   
   
[  ( (

 ̅(  
    

    
    )

 
))⋁  ( (

 ̅(  
    

    
    )

 
)+]                      

Now, if we take a infimum of such      and using  (   ), we get 

   ,        
   
*  ( (

 ̅(  
    

    
    )

 
*)⋁  ( (

 ̅(  
    

    
    )

 
*)+   -  𝜀       . Thus on 

going to limit as     and using (   ) again ,we get 

∑ ∑  ̅ .(   
     ) (   

     )/
  
   

  
    

   ,       
   
*  ( (

 ̅(  
    

    
    )

 
*) ⋁  ( (

 ̅(  
    

    
    )

 
*)+   -  ε  ε           , 

which implies that  .(    ) (    )/   𝜀            That is,     ( 
    )  (   )  

Now, we show that  (   )   (   )
 (    

 )  we have, 

 ̅ .(  
      ̅ ) (  

      ̅ )/   ̅ .(  
    

    
    ) (  

    
    

    )/  ̅ .(  
    

   ̅ ) (  
    

   ̅)/   

By continuity  of M so      , also it  s non-decreasing , then we get 

   
   
[  ( (

 ̅(  
      ̅ )

 
)+    ( (

 ̅(  
      ̅)

 
)+]

     
   
[  ( (

 ̅(  
    

    
    )

 
)+    ( (

 ̅(  
    

    
    )

 
)+]  

   
   
[  ( (

 ̅(  
    

   ̅)

 
)+    ( (

 ̅(  
    

   ̅)

 
)+]     

which implies that (   )   (   )
 (    

 ). Hence (   )
 (    

 ) is complete semi-

normed space . 
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          The classes of a double sequences (   )
 (    

 )  (  ) (    
 )  

(   )
 (    

 )  are not symmetric. 

Proof. The effect follows from  following example. 

               et              (   )  (  ( )   ( ))  (     )  

  (   )  ,    )  ,    ). 

Considerthe double sequence (       ) define by 

(       )( )  {
(   )                     (       ) 
(   )                                                  

 

Then, (           )( )  {
(   )                 (       ) 
(   )                                                  

 

Then,  ̅((       ̅) (       ̅))  (   )                                  (       )   

(  ) (    )  (   )
 (    ).Now, let (       ) be a rearrangement of  (       ) defined as 

(       ) ((       ) (       ) (       ) (       ) (       ) (       ) (       )  ). 

Then we get,  ̅((       ̅) (       ̅))  (   (    )     (    ) )  (         ) for 

              which 

implies,   
   
*  ( .

 ̅(       ̅)

 
/)⋁   ( .

 ̅(       ̅)

 
/)+                         Hence,(       )  

(   )
 (    )  So the classes of sequences(   )

 (    
 )  (  ) (    ) and (   )

 (    
 ) are not 

symmetric. 

Notes.  ) If         then (   )
 ( )      (  ) ( ) are symmetric. 

 ) If           then (   )
 (    

 ) is symmetric. 

        . The classes of double  sequences (   )
 (    

 )  (  ) (    
 ) 

 (   )
 (    

 ) are not solid, so not monotone. 

Proof. We will take this following example  .  (   )  (  ( )   ( ))   

Example 3.3   et                  (   )  (| | | |)             (   )  ,   ) ,   ). 

Consider the double sequence (       ) defined as 

(       )( )  {
(   )                   (          ) 
(   )                                                      

 

Then,(   
        

    )( )  {
(   )                     (       ) 

(   )                                                          
 

    ̅ .(  
      ̅) (  

      ̅)/  (   )              Hence, we have  

   
  
*  ( .

 ̅(  
      ̅)

 
/)⋁  ( .

 ̅(  
      ̅)

 
/)+                  .This implies(       )  

(   )
 (    

 )  Now, let (       ) be a double sequence of scalars defined as 

(       )  {
(   )                    
(   )                               

 

Then,   for         we have 

(             )( )  {
(   )      (       ) 
(   )                        

 

For         we have 

(             )( )  {
(   )      (     ) 
(   )                    
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*  ( .

 ̅(  
      ̅)

 
/)⋁  ( .

 ̅(  
      ̅)

 
/)+                   . 

Thus (             )  (   )
 (    

 ). Hence,(   )
 (    

 )  is not solid, so not monotone 

by lemma 1.Similarly,the other classes can be proven. 

Proposition 3.4 These  double sequences (   )
 (    

 )  (  ) (    
 ) 

 (   )
 (    

 ) aren't convergence-free. 

Proof. To show, that we have the following example. 

Example 3.5                       (   )  (     )          (   )  ,   )  ,   ) and 

consider the double sequence (       ) defined as 

(       )( )  ,
(   )               .

 

  
 
 

  
  /

(   )                                            
 

Then  (             )( )  {
(   )                  .

 

  (    )
 

 

  (    )
  /

(   )                                                                   
  . 

      ̅ .(       ̅) (       ̅)/  .
 

  (    )
 

 

  (    )
/    which implies (       )  (   )

 (    ) 

 (  ) (    )  (   )
 (    ). Now, let (       ) be a double sequence  defined as 

(       )( )  {
(   )                ((  )  (  )   )
(   )                                                         

 

Furthermore, (             )( )  {
(   )                ( (      )  (      )  )
(   )                                                                                      

 

   ̅ .(       ̅) (       ̅)/  (             )               , which implies,  

   
   
*  ( .

 ̅(       ̅)

 
/)⋁   ( .

 ̅(       ̅)

 
/)+                  .This means, (       )  

(   )
 (     ). 

Hence the classes (   )
 (    

 ),(  ) (    
 ) (   )

 (    
 ) are not convergence-free. 

Theorem 3.6   et   (     )       (     ) be a double Orlicz functions satisfying   -

condition. Then, for   (   )
  (  )  (   )

 , 

( )  (    
 )   ( ৹     

 )  

(  )  (    
 )   (    

 )   (      
 )  

Proof. We show this result for the space (   )
 (    

 ). The other spaces can be shown 

similarly. 

( )   et (       )  (   )
 (    

 )                (   )
 (     

 )        (   )
 (     

 ). 

Consider 𝜀                      𝜀   ( ). 

Then *  ( .
 ̅(  

      )

 
/)    ( .

 ̅(  
      )

 
/)+     

for         .Let (       )  *  ( .
 ̅(  

      )

 
/)    ( .

 ̅(  
      )

 
/)+                

We know   is continuous and non-decreasing , then we have, 

 (       )   *  ( .
 ̅(  

      )

 
/)⋁  ( .

 ̅(  
      )

 
/)+   ( )  𝜀                , 

which means (       )   ( ৹     
 )  Hence the proof is complete. 

(  )   et (       )    (    
 )   (    

 )   Then              , we have, 
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[  ( (
 ̅(  

       )

 
)+   ( (

 ̅(  
       )

 
)+]

 𝜀       
   
[  ( (

 ̅(  
       )

 
)+   ( (

 ̅(  
       )

 
)+]  𝜀  

From the equality the proof follows: 

(   )( (
 ̅(  

       )

 
 
 ̅(  

       )

 
)+  [  ( (

 ̅(  
       )

 
)+   ( (

 ̅(  
       )

 
)+]   

[  ( (
 ̅(  

       )

 
)+   ( (

 ̅(  
       )

 
)+]  ε       

            that means (       )   (      
 )  Hence the proof is complete. 

Proposition 3.7 One has  (    
 )   (     

 )            where   (     ) 

And    (   )
  (  )  (   )

 . 

Proof. 

 et (       )  (   )
 (    

   )                 (   )
 (     

   )        

(   )
 (     

   )  Then, we have (        *  ( .
 ̅(  

        ̅)

 
/) ⋁  ( .

 ̅(  
        ̅)

 
/)+)     

We have,  .        0   .
 ̅(  

         
           ̅)

 
/⋁   .

 ̅(  
         

           ̅)

 
/1/ 

 
 

 
        [  ( (

 ̅(  
        ̅)

 
)+⋁  ( (

 ̅(  
        ̅)

 
)+]

 
 

 
        0  . (

 ̅(  
           ̅)

 
)/⋁  . (

 ̅(  
           ̅)

 
)/1  ∞  

Follow up in this way, we have  (    
 )   (     

 )             This complete the 

proof. 
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