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INITIAL VALUE PROBLEMS OF LINEAR HEAT EQUATION SOLVABLE
BY USING CLASSICAL SYMMETRIES
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Abstract

In this paper, we investigated the use of classical symmetries to solve initial value problems(IVPs) for the
linear heat equation w_t= w_xx. In order to slove a problem of type IVP s ,it is relied that we have to make
the given condition w(xt) |_(t=t_0=0)=G(x) need be left invariant under the one parameter Lie group of
transformation that leaves the linear heat equation invariant. Under this procedure, the some initial conditions
solvable by using classical symmetries, were discussed and several examples were then given.
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1. Introduction
The most widely used application method for constructing exact solutions for partial differential

equations(PDEs),that is symmetry analysis [3,4,8,9,19,21]. It has not been successful in the treatment of
(IVPs) [20]. In practice, the initial conditions have been just as important as the governing equations for
determining the behavior of a system[18,23]. There are many papers have been dedicated to investagte
initial value problems by using symmetry group analysis such as classical symmetry
[2,12,17,26],nonclassical symmetry[2,12,15,26] ,higher conditional symmetry[6,10,16],etc.
At present, it must be satistied three criteria to be accepted view is that a symmetry of IVPs [5, 20,25,26]. The
criteria are that:

(a)A symmetry of the governing differential equations.

(b)A smooth bijective mapping of the domain to itself.

(c)A mapping of the set of initial data to itself

The formal definition of a symmetry of an initial value problems (IVPs) are given by the above three criteria
[5,25].
Consider the following linear heat equation in one dependent variable (w) and two independent variables x, t
(see e.g [9])

Wt = Wiy
with initial conditions

W%, om0 = Gx)

The linear heat equation is experienced in many fields of engineering, mathematics, physics, chemistry and
biology. Also, the linear heat equation is extensively used to describe the complex physical phenomena in
various fields of science and engineering, mainly in fluid mechanics, solid state physics and chemical physics
etc. [1,7,11,13,14,22].

2.Initial Value Problems Solvable by Classical Symmetries:
In this section, we consider that the initial value problem(lIVP) of the governing equation

W= Wiy N (2.2)
With the intial condition

w(x, B)]¢=¢, = G(X) (2.2)
Admits the symmetry generator

= S(X,t,W)%-i-T(X,t,W)%-I-(D(X,t,W)aiw (2.3)

Which leaves heat eqution(2.1) ivariant. According to equation(2.1) and the infinitesimal operator (2.3), the
invariant surface condition(ISc) is

8(x, tww, + (%, t, Ww, = w(x,t,w).

Intial conditions(2.2) that are invariant under (2.3), satisfy the conditions

F(t—to)le=, =0, (2.4)
With
F(W— G(X))|W=G(X),t=t0 =0. (25)

Now, we will find some general intial condition w(x,0) = G(x) admitted by using classical symmetries for the
linear heat equation (2.1).
In [24]. Olver P.J studied classical symmetries of the linear heat equation that we will be used in this paper.

2.1 The (IVPs) of linear Heat Equation Solvable by Classical Symmetries:

We now suppose that the initial value problem composed of the goverening equation that is linear heat
equation by using the classical symmetries.

2.1.1 Initial Condition Left Invariant

The PDE(2.1)

Wt = WXX'

Has a classical symmetry with finite- dimensional generator[24]
['=[c;+cux+ 2cst+ 4C6Xt]% + [c, + 2c,t+ 4c6t2]%+ [c3 — cgx —cex? — 2c6t]w%, (2.6)
From (2.4), we have
[(t—to)le=t, =0 —>c, =0.
From (2.5), we get
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G'(X)[c; + c x]+ GX)[cex? + csx—c3] =0,
By solving (2.7), we obtain

c3, €1C5 C%CG x[2c1c6—2c4c5—cgCax]

1
2

G(x) =k(c; +c,x)% <& i xe o when ¢, # 0
lx[—zc6x2—3csx+6C3]

G(x) = kes e when ¢, =0,c;,#0

Gx) =0 when ¢;=¢,=0

Where k is an arbitrary constant.

Then,

[, = [c; + cyx+ 2cst + 4c6xt]% + [2c,t+ élcﬁtz]a—at + [c3 — csx— cex? — 2C6t]W%,

Can be used to solve (2.1) subject to

€3, C1C5 C%Cﬁ 1 X[2c1C6—2C4C5—CeC4X]
2 3 2
w(x,0) = k(c; + c,x) & < x¢? <1 ;C, =0

[, =[c; + 2cst+ 4c6xt]% + [llcétz]ait + [c3— csx — cgx® — 2c6t]waiW
Can be used to solve (2.1) subject to
lx[—zcexz —3c5X+6C3]
w(x,0) = kes a whenc; # 0
And
[, = [2cst+ 4c6xt]%+ [4c6t2]§t + [c3— csx — cgx® — 2c6t]w%
Can be used to solve (2.1) subjectto  w(x,0) = 0.
3.Examples:
(1) The IVP
Wi = Wyxs w(x,0) =x,
Is of the form (2.1) with IC (initial condition) (2.9) with
c;=Cc,=cCc;=¢,=0, cg=c,=1 and k=1.
By substituting these constant values in generator (2.8), we obtain

d ) a
= [X]&‘F [Zt]a‘F [W]aTv'

Where the infinitesimls are
6=% T=2t and w=w.

With appling the corresponding invariant surface condition (ISC) for equation (2.1)

Swy+ Tw, = W,
We obtain

XWy+ 2tw,=w
Solving (2.16), we get

w(xt) =x@(), where (= %

Comparison at t= 0 with the initial condition (IC) w(x,0) = x give the IC for ¢ as

@(0) = 1.
By substituting of (2.17) into (2.14) gives
2" — @' =0,
Subject to @(0) = 1.
Solving (2.18) With the aid1 of Maple, we get

¢ =k, +k, (zeﬁ + erf(zlc))
Where k; and k, are arbitrary constants,

and erf(z) = ;—E foz e~5d is the error function (also called the probability integral)[1].

Consideration of the condition (0) = 1, we obtain k,=1- ‘/Z—Ekz.
Hence, the solution to the IVP (2.14) is

Vn Vi o2 X
w(x,t) =x[<1—7k2>+ k, <? et +7 ref(ﬁ»].

(2) The IVP
Wi = Wiy W(X’ 0) =e*,
Is of the form (2.1) with IC (initial condition) (2.11) with
C;=C=C=¢C=0, ¢;=c3=1 and k=1.
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By substituting these constant values in generator (2.10), we obtain

F=—+w-—

ox ow’
Where the infinitesimls are
6=1, T=0 and w=w.
With appling the corresponding invariant surface condition (ISC) for equation (2.1)
Swy,+ W, = w, (2.21)
We obtain Wy =W (2.22)
Soling (2.22), we get
w(x,t) =e* @) where (=t (2.23)

Comparison at t= 0 with the initial condition (IC) w(x,0) = e* give the IC for ¢ as
(0) = 1.
By substituting of (2.23) into (2.20) gives ¢’ —¢@ =0 (2.24)
Subject to @(0) = 1.
Solving (2.24), we get
o=k, e5 ;T=t (2.25)
Where Kk, is arbitrary constant. Consideration of the condition ¢(0) =1,
we obtain  k; = 1. Hence, the solution to the IVP (2.20) is

w(x, t) = eX*t,

4. Conclusion

In this paper, we investigate the use of the classical symmetries in solving initial value problems (IVPs). In
general, itis believed that in order to be solvable the IVPs, the give condition of the form  w(x, t)]—¢ -0 =
G(x), need to be left invariant under the the one-parameter of Lie group of transformation that leaves the
linear heat equation w, = w,,, Invariant.under this procedure and using the classical symmetry found for
governing equation(2.1) , general intial conditions solvable with our partial differential equation(2.1) were

established. Some examples are provided to illustrate the method.
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